The scalar scattering cross section is calculated for Schwarzschild-Tangherlini black holes on the brane. The cross sections are computed numerically via the partial-wave method. The phase shifts are found numerically and also via the Born approximation. It is shown that spacetimes with more than six dimensions present a finite scattering cross section in all directions.
I. INTRODUCTION
Black holes in General Relativity (and its modified variants) have been a source of fascination ever since the first appearance of an exact solution of Einstein's equations, over a century ago [1] . In standard four-dimensional spacetimes, black holes are expected to exhibit various phenomena, such as Hawking radiation [2] , superradiance [3] , and the interconversion of electromagnetic and gravitational radiation [4] . In some cases, black holes may be endowed with supersymmetric properties [5, 6] . Extreme compact objects, such as black holes, will leave a characteristic imprint on scattered radiation due the presence of the photon sphere [7, 8] and the event horizon, artifacts of the strong gravitational interaction. This fact has motivated several studies of their scattering properties [9, 10] .
In recent years, there has been increased interest in black holes in extra-dimensional spacetimes. This is due, in part, to the Arkani-Hamed-Dimopoulos-Dvali (ADD) conjecture, which proposes the existence of large extra dimensions in order to resolve the hierarchy problem [11, 12] . This is achieved by taking the electroweak energy scale (∼ 1 TeV) to be the only fundamental short distance scale in nature. As the Standard-Model particles and effects are known to be very accurately measured in this scale, ADD had conjectured that only the gravitational field (and other unknown fields) can propagate in the full spacetime -the bulk -while the Standard-Model particles are confined in the 3-brane, the usual four-dimensional spacetime. In scenarios like this, the production of black holes becomes possible in TeV-scale colliders, such as the LHC [13] .
In the present paper we use the ADD conjecture to compute the scattering properties of small Schwarzschild black holes for the massless scalar field propagating on a 3-brane. The (n + 3)-dimensional Schwarzschild black holes are described by the metric found by Tangherlini [14] . This metric describes a spherically symmetric spacetime in (3+n) dimensions. The line element is given by [15] 
where X A are the bulk coordinates {X A } = (t, r, θ 1 , θ 2 , . . .), dΩ n+1 is the 3 + n dimensional solid angular element. The * cismarinho@ufpa.br † ednilton@pq.cnpq.br previous f function is
where
is the mass parameter, r h is the event horizon radius, M is the black hole mass, G n is the (3 + n) dimensional Newton's constant, c is the speed of light and Ω N is the volume of a unit N -sphere.
Here we use an induced Schwarzschild-Tangherlini metric on the brane. Following Ref. [16] , we consider a test 3-brane with negligible self-gravity, where the metric is given by the relation:
By choosing the brane coordinates as x µ = δ µ A X A , its induced metric is:
This is a spherically symmetric metric [17] , but it is noteworthy that it is not a solution of the four-dimensional Einstein's equations in vacuum. This paper is organized as follows: in Sec. II we present some useful analytical results, such as the classical limit and the glory approximation. In Sec. III we apply the partial-wave method in the description of the massless scalar field and its general scattering properties and we obtain the phase shifts via the Born approximation. The numerical procedure to obtain the phase shifts is described in Sec. IV. In Sec. V we present our results for the cross sections. In Sec. VI we conclude with some final remarks.
II. CLASSICAL AND SEMI-CLASSICAL APPROXIMATIONS
The geodesics which particles on the brane follow can be obtained by the usual geodesic equation from General Relativity using the brane-induced metric (5) . Since these spacetimes are invariant under both time translation and rotation around the origin, we have two Killing vectors ξ = ξ µ ∂ µ = ∂ t and arXiv:1612.05604v2 [gr-qc] 11 Jan 2017 χ = χ µ ∂ µ = ∂ φ , and therefore two conserved quantities, namely the energy
and the angular momentum
The spherical symmetry allow us to set θ = π/2 without loss of generality. For massless particles, the tangent vectoṙ x µ to the geodesic is a null vector, so that g (brane) µνẋ µẋν = 0. The constants E and L together with the geodesic equation give us the energy-like conservation equation
is the effective potential. The critical points of this function correspond to unstable orbits with radius r c . One can verify that these orbits are located at
The critical impact parameter b c is obtained by making
Using Eqs. (7) and (8), we can write the orbital equation as
where u ≡ r h /r and b = L/E is the impact parameter. The direct integration of this equation gives the deflection angle Θ(b) = ∆φ − π as function of the impact parameter. In the weak-field limit (in general, low scattering angles), it has been shown via geodesic analysis that [18] :
with {β n } = {2, 3π/4, 8/3, 15π/16, 16/5, 35π/32}, for n = 1, 2, . . . 6, respectively. By evaluating the classical scattering cross section via
where the summation in k accounts the number of times the massless particle rotates around the black hole, we can obtain that, in the weak-field limit,
It is interesting to note that this equation implies there is an infinite flux of classical particles scattered in the forward direction for any number of dimensions. However, as we will see below, this only holds in the classical limit. By using phase shifts obtained via the Born approximation, we show that the scattering cross sections in the forward direction for n ≥ 4 are finite for limited-frequency waves.
In the strong-field regime, an important result for the scattering cross section of black holes predicts the appearance of a 'glory' -concentric rings -in the backward direction θ(b g ) = π. The glory arises as a consequence of particles being scattered near the unstable circular orbit, which occurs when particles impinge upon the black hole with a critical impact parameter, b c . The authors of Ref. [19] have found an analytical expression to compute the scattering cross section for massless waves near the backward direction:
with s and ω being the spin and the frequency of the wave, respectively, and J µ (·) being the Bessel functions of first kind of order µ [20] .
Using a numerical approach, we can obtain both b g and db/dθ| θ=π ; the results for the first values of n are listed in Table I. From this table we infer that, as n increases, the intensity of the glory rings, given by 2πωb 2 g |db/dθ| θ=π , decreases and they become wider as b g decreases. 
III. PARTIAL WAVE METHOD
The Klein-Fock-Gordon equation for the minimally coupled massless scalar field propagating on the 3-brane reads
Here we consider monochromatic waves. Therefore, we use the following ansatz for separation of variables
where Y m l (θ, φ) are the spherical harmonics [21] and ω is the frequency of the wave. The equation for the radial part can be written as
with the effective potential V l (r) given by
In order to obtain the asymptotic solutions, we adopt a Wheeler-type coordinate, as
where the constant C n is chosen such that r * → r when r → ∞. With this coordinate, Eq. (19) is written as
which is similar to the time-independent Schrödinger equation. Figure 1 shows the effective potential for l = 0 and l = 2 and different values of n. It goes to zero near the event horizon and at infinity.
In order to investigate the scattering process we assume purely ingoing waves near the event horizon, so that the radial solution in this region can be written as
where A (n)tr ωl is a coefficient which modulus square determines the amount of wave absorbed by the black hole.
Far from the event horizon, we have
In Eq. (24), h The phase shifts δ (n) l are defined by [22] 
and the scattering amplitude by
Here we consider a monochromatic plane wave impinging upon the black hole. Such wave can be described as a composition of partial waves given by Eq. (18) . In this case, the 
FIG. 1. Effective potential for (a) l = 0 and (b) l = 2 considering different values of n. Near the event horizon and at infinity, the effective potential goes to zero. In (b) we also plot the non-relativistic centrifugal barrier, l(l + 1)/r 2 , and we note that as r increases, the effective potential tends to it. differential scattering cross section is directly obtained from f
The definitions of the scattering σ
abs and total cross sections σ
abs in terms of the phase shifts are:
where σ (n) l,el and σ (n) l,abs are the respective partial scattering and absorption cross sections.
In this paper we determine the phase shifts via Born approximation, that is valid for l l c ∼ ωb c and via a numerical approach, valid for arbitrary values of the frequency.
The Born approximation method can be used to compute phase shifts when the scattered wave is weakly modified by the target [22] . Therefore, results using this method are valid on the weak-field regime and for the cases n > 1. In order to compute the phase shifts via Born approximation, let us make the substitution ψ ωl (r) = f −1/2 X(r) in Eq. (19) , so that we obtain:
where the prime denotes differentiation with respect to r. Expanding the equation above in powers of 1/r, we obtain:
with α (n) k being constants, in particular, α (n) 0 = 0. In Table II we present the values of α (n) k for the other first three terms of the series for n = 1 . . . 6. The case n = 1 is asymptotically similar to the Coulomb potential and therefore cannot be treated via Born approximation [9, 23] . For n = 2, we define
while for n 2 we define
so that the radial equation (33), for n ≥ 2, can be written as
By applying the Born approximation formula [22] , namely
where j l (·) are the spherical Bessel functions of first kind [21] , and the identity
valid for l > (ν −1)/2, and ν 0, with Γ(·) being the gamma function, we find the phase shifts δ (n)
l . Expanding the result in terms of l + 1/2, and keeping only the leading term, we obtain:
Through the Ford and Wheeler's semi-classical description of scattering [24] we can make a connection between the phase shifts (39) and the weak-field deflection (13) . By doing so, we can verify that the results are consistent with each other.
IV. NUMERICAL ANALYSIS
In order to determine the cross sections for arbitrary values of the scattering angle and wave frequency, we have to find numerically the coefficients A (24) by solving the radial equation (19) . We start close to the event horizon r = (1 + )r h , where is usually chosen to be 10 −4 , with the boundary condition (23), which can be improved with a series expansion like:
where a 0 = A (n)tr ωl and higher values of q m imply more precise results.
We have checked that computations for q m = 2 and higher do not result in appreciable numerical differences for values of ψ (n) ωl taken far from the event horizon (asymptotic plane region), typically chosen as r = r m ∼ (400 + 5l)r h , for n ≥ 3. For n = 1 and n = 2 a larger value of r m is needed to reach the asymptotic plane region. We input l-dependent values for r m because as the larger the value of l is, further from the black hole the related partial wave passes as it possesses a higher impact parameter. Finally, obtaining the phase shifts demands matching the numerical values of ψ Once the numerical phase shifts are computed, we can obtain the scattering amplitudes. For n = 1, it is known that a convergence method is needed to compute the scattering cross section, since the summation given by Eq. (26) converges poorly for θ > 0 [25] . The same is true for n = 2 and n = 3. Particularly, in such cases, the scattering amplitude diverges in the forward direction, where the differential scattering cross section is infinite. Additionally, in the case for two extra dimensions (n = 3) this divergence comes from the real part of the scattering amplitude, while the imaginary part converges (which can be shown using the second Born approximation [22] ). However, for n ≥ 4, the scattering amplitude is convergent in all directions. In order to understand this, let us separate the scattering amplitude as
where f (n) ω,num (θ) is obtained numerically, l M is chosen in such way that the phase shifts obtained numerically and via Born approximation are very close to each other, and the phase shifts in the second term of the right hand side of Eq. (41) are given by Eq. (39). This series is absolutely convergent for all θ only if n ≥ 4, once |P l (cos θ)| ≤ 1 and the summation coefficients fall off with (l + 1/2) 2−n . Yet, once P l (1) = 1, the scattering amplitude diverges for θ = 0 in the cases n ≤ 3.
For the case n = 3 an interesting fact is observed; as stated in the previous paragraph, the differential scattering cross section diverges in the limit θ → 0. Nevertheless, the summations for both scattering and total cross sections [Eqs. (28) and (30)] are indeed finite. We can infer this from Eq. (28) with the phase shift calculated via Born approximation:
which make us conclude that the sum converges for n > 2.
The same analysis can be done for σ
tot .
V. RESULTS
In this section we present our numerical results as well as their comparisons with the analytical approximations. In order to compute the differential scattering cross section numerically, we apply a convergence method to obtain the scattering amplitude expanded in terms of partial waves, Eq. (26), for the cases n = 1, 2, 3. For the cases n ≥ 4, we use Eq. (41) instead, with l M within the regime of validity of the Born approximation.
In Fig. 3 we show the differential scattering cross sections for ωr h = 0.1 and n = 1 . . . 6. As n increases, the scattering amplitude decreases. This is a expected result, as the higher is the dimensionality of the spacetime, the faster f (r) tends to 1 far from the black hole. As we can clearly see in the zoom-in box at the figure, for the cases in which n > 3 we have finite differential scattering cross section in the forward direction. Figure 4 (a) presents the differential scattering cross sections for ωr h = 6.0, where we observe the expected divergence of the scattering cross section in the forward direction for n < 4, while it remains finite for n ≥ 4. The differential scattering cross sections for ωr h = 10.0 are presented in Fig. 4(b) . By comparing Figs. 4(a) and 4(b) , we see that the overall scattered flux increases in the forward direction for n > 3 as we increase the wave frequency. Therefore, considering Eq. (15), we conclude that there must be infinity scattered flux in the forward direction for n ≥ 4 only in the limit ωr h → ∞. This can be checked directly in Fig. 5 , where we see the differential scattering cross sections at θ = 0 for n ≥ 4.
By comparing Figs. 3 and 4, we can infer that the number of local maxima for the differential scattering cross section (fringes) increases with the increase of the frequency or the decrease of the dimensionality of the spacetime.
In Fig. 6 , we show for n = 1, n = 3 and n = 6 the differential scattering cross sections obtained via geodesic analysis, Eq. (14) , via the glory approximation (with ωr h = 10.0), Eq. (16) , and numerically (with ωr h = 10.0). As we can see, the glory approximation agrees very well with the numerical results for θ ≈ π, as we should expect. Once the differential scattering cross section is finite for n ≥ 4 as θ → 0, the classical limit is not a good approximation for small scattering angles in such cases.
In Fig. 7 we show the absorption, scattering, and total cross sections for n = 3, 4 and 5 within the frequency interval 0 < ωr h < 3.0. As highlighted in previous section, although the differential scattering cross section for n = 3 diverges at θ = 0, we verify that the scattering cross section is finite.
For the values of n above, σ
el increases with ωr h in almost a linear fashion, noting that as n increases its inclination decreases. The absorption cross sections σ (n) abs for low frequencies tend to the event horizon area (on the brane) σ agreeing with the results for the low-frequency regime [26] [27] [28] [29] and tend to the geometric-optics value σ (n) abs ≈ πb 2 c in the high-frequency limit. Like the scattering cross section, the absorption cross section gets smaller for higher values of n.
VI. CONCLUSION
We have investigated the scattering of the massless scalar field restricted to the 3-brane of a (n + 3)-dimensional Schwarzschild black hole. Numerical results were presented for the cases n = 1, . . . , 6, but our analysis could be applied to obtain results for any value of n.
In order to compute the differential scattering cross section, we used the partial-wave method. We applied a convergence method to compute the scattering amplitude in terms of partial waves for the cases n = 1, 2, 3. For n = 4, 5, 6, the sum of the scattering amplitude is convergent for all scattering angles. This was shown using the phases shifts computed via the Born approximation, Eq. (39). In such cases, the analytical phase shifts were used together with the numerical ones to generate precise results.
Our results show that there are branes with two different behaviors when considering the scattering in the forward direction. For n = 1, 2, 3, we obtained infinite flux scattered in the θ → 0 limit, while the flux is finite for n ≥ 4. It is worth mentioning that the 3-brane metric of a 7-dimensional Schwarzschild black hole (n = 4) coincides with the metric For any value of the dimension parameter n, the glory rings form a good approximation near θ = π, while the geodesic description for the scattering is a good approximation for small angles in the cases n ≤ 3, but not n > 3.
for the canonical acoustic hole, whose scattering properties have been studied in Refs. [18, 30] .
In the case n = 3, the differential scattering cross section is divergent in the forward direction, while the total cross section is finite. At first glance, it may seem that this result is inconsistent with the optical theorem, which can be expressed as σ ω (0) [22] . We showed analytically in Sec. IV, using the Born approximation, that the scattering amplitude diverges in the case n = 3 for θ = 0 [cf. Eq. (41)]. However, the first order in the Born approximation gives only a real contribution to the scattering amplitude in the present case. To resolve the issue, one should consider the second Born approximation [22] . We have verified numerically that the imaginary part of the scattering amplitude at θ = 0 for n = 3 is indeed finite and thus compatible with the results presented in Fig. 7 , which were obtained via Eq. (30) .
We have compared the numerical results with analytical results obtained via geodesic analysis and via glory approximation. The glory approximation, Eq. (16), agreed very well with all numerical results for θ 180
• . The classical scattering cross section agreed very well with the numerical results for the cases n = 1, 2, 3 even for intermediate values of frequency, but not with the cases n ≥ 4, for which finite differential scattering cross sections in the forward direction were observed.
Finally, we should mention that the results presented here are only valid for black holes that are much smaller than the extra dimensions. For such black holes, a more realistic treatment should include the dynamics of the scattering process, as well as the variation of mass due to the Hawking radiation. It would also be interesting to study the cases in which the black holes have sizes comparable to the extra dimensions. This problem is currently under investigation.
